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Abstrat
We study the stability of ve-dimensional Myers-Perry blak holes with
equal angular momenta whih have an enlarged symmetry, U(2). Using this
symmetry, we derive master equations for a part of metri perturbations whih
are relevant to the stability. Based on the master equations, we prove the
stability of Myers-Perry blak holes under these perturbations. Our result
gives a strong evidene for the stability of Myers-Perry blak holes with equal
angular momenta.
1 Introdution
Reently, higher dimensional blak holes have attrated muh interest [1℄. In addi-
tion to Myers-Perry blak holes [2℄, whih have been found as the higher dimensional
generalization of Kerr blak holes, there are many exoti blak holes in higher di-
mensions [311℄. It is quite important to study the stability of these blak holes.
The stability of higher dimensional Shwarzshild blak holes has been shown [12
14℄. For Myers-Perry blak holes, the stability analysis is more diult beause of
the diulty of separation of gravitational perturbation equation.
1
Nevertheless,
there have been several works on the stability analysis. In the ase of Myers-Perry
blak holes with equal angular momenta in odd dimensions higher than ve, it was
shown that the speial modes an be redued to single ordinary dierential equa-
tions. For these spei modes, the stability has been shown [32℄. In the ase of
ve-dimensional Myers-Perry blak holes with equal angular momenta, we have de-
veloped a method of analyzing the stability by fousing on the spaetime symmetry
U(2) [33℄. This method has been proved to be useful for the stability analysis of
other U(2) symmetri blak holes [34,35℄. The purpose of this work is to study the
stability of ve-dimensional Myers-Perry blak holes with equal angular momenta by
making use of our method. We extend the previous stability analysis of Myers-Perry
blak holes with equal angular momenta [36℄.
The organization of this paper is as follows. In 2, we introdue Myers-Perry
blak holes with equal angular momenta and disuss the spaetime symmetry. In 3,
we explain how to nd master variables with whih one an dedue single ordinary
equations. In 4, the master equation for most symmetri mode is derived. The
stability for this ase is analytially shown. In 5, the master equations for other
modes are derived and the stability of Myers-Perry blak holes for these modes is
numerially shown. The nal setion is devoted to onlusions. In Appendies A
and B, detailed alulations for deriving master equations are shown.
2 Myers-Perry blak holes with equal angular mo-
menta and their symmetry
In this setion, we introdue ve-dimensional Myers-Perry blak holes with equal
angular momenta and larify the symmetry of the spaetime.
The metri is given by
2
ds2 = −dt2 + dr
2
G(r)
+
r2
4
{4σ+σ− + (σ3)2}+ 2µ
r2
(
dt+
a
2
σ3
)2
, (1)
1
The separability of geodesi Hamilton-Jaobi equations, Klein-Gordon equations and Dira
equations in the Myers-Perry spaetime have been shown in Refs. [1531℄.
2
In our previous work [33℄, we used a dierent oordinate. To put the metri into this form, we
need the oordinate transformation r2 + a2 → r2 and a hange of the parameter m→ 2µ.
1
where
G(r) = 1− 2µ
r2
+
2µa2
r4
, (2)
and parameters µ and a are dened for µ ≥ 0 and a2 ≤ µ/2. Here, we dene the
invariant forms σa (a = 1, 2, 3) of SU(2) satisfying the relation dσa = 1/2ǫabcσb ∧ σc
as
σ1 = − sinψdθ + cosψ sin θdφ ,
σ2 = cosψdθ + sinψ sin θdφ ,
σ3 = dψ + cos θdφ , (3)
and made a ombination
σ± =
1
2
(σ1 ∓ iσ2) . (4)
The oordinate ranges are 0 ≤ θ < π, 0 ≤ φ < 2π, and 0 ≤ ψ < 4π. The dual
vetors of σa are given by
e1 = − sinψ∂θ + cosψ
sin θ
∂φ − cot θ cosψ∂ψ ,
e2 = cosψ∂θ +
sinψ
sin θ
∂φ − cot θ sinψ∂ψ ,
e3 = ∂ψ , (5)
and, by denition, they satisfy the relation σai e
i
b = δ
a
b .
The horizon r = r+ is found by solving G(r+) = 0, namely,
r2+ = µ+
√
µ(µ− 2a2) . (6)
The angular veloity of the horizon is given by
ΩH =
a
r2+
. (7)
In term of r+ and ΩH , the two parameters (a, µ) in the metri (1) an be rewritten
as
a = r2+ΩH , µ =
1
2
r2+
1− Ω2Hr2+
. (8)
We see the the upper bound of the angular veloity,
ΩH ≤ 1√
2r+
≡ ΩmaxH . (9)
Apparently, the metri (1) has the SU(2) symmetry haraterized by Killing
vetors ξα , (α = x, y, z):
ξx = cosφ∂θ +
sinφ
sin θ
∂ψ − cot θ sinφ∂φ ,
ξy = − sinφ∂θ + cos φ
sin θ
∂ψ − cot θ cosφ∂φ ,
ξz = ∂φ . (10)
2
The symmetry an be expliitly shown by using the relation Lξασa = 0, where Lξα
is a Lie derivative along the urve generated by the vetor eld ξα. From the metri
(1), we an also read o the additional U(1) symmetry, whih keeps part of the
metri, σ+σ−, invariant. Thus, the symmetry of ve-dimensional degenerate Myers-
Perry blak hole beomes SU(2)× U(1) ≃ U(2).3 The Killing vetors e3, ξx, ξy and
ξz onstitute the symmetry, i.e., e3 is a generator of U(1) and ξα (α = x, y, z) are
generators of SU(2).
Let us dene the two kinds of angular momentum operators
Lα = iξα , Wa = iea , (11)
where α, β, · · · = x, y, z and a, b, · · · = 1, 2, 3. They satisfy the ommutation relations
[Lα, Lβ ] = iǫαβγLγ , [Wa,Wb] = −iǫabcWc , [Lα,Wa] = 0 , (12)
where ǫαβγ and ǫabc are antisymmetri tensors that satisfy ǫ123 = ǫxyz = 1. Note
that L2 ≡ L2α = W 2a . The symmetry group, U(2) ≃ SU(2) × U(1), is generated by
Lα and W3. Here, we should note the fat that
LW3σ± = ±σ± , LW3σ3 = 0 . (13)
Let us onstrut the representation of U(2). The eigenfuntions of L2 are degen-
erate, but an be ompletely speied by eigenvalues of other operators Lz and W3.
They are alled Wigner funtions and are dened as
L2DJKM = J(J + 1)D
J
KM , LzD
J
KM = MD
J
KM , W3D
J
KM = KD
J
KM , (14)
where J = 0, 1/2, 1, 3/2 · · · and M,K = −J,−J + 1, · · · , J . From Eqs. (14), we
see that DJKM forms the irreduible representation of U(2) ≃ SU(2) × U(1). The
Wigner funtions are funtions of (θ, φ, ψ) and satisfy the orthonormal relation:
∫ pi
0
dθ
∫ 2pi
0
dϕ
∫ 4pi
0
dψ sin θ DJKM(θ, φ, ψ)D
J ′ ∗
K ′M ′(θ, φ, ψ) = δJJ ′δKK ′δMM ′ . (15)
The following relations are useful for later alulations
W+D
J
KM = iǫKD
J
K−1,M , W−D
J
KM = −iǫK+1DJK+1,M , W3DJKM = KDJKM ,
(16)
where we have dened W± = W1± iW2 and ǫK =
√
(J +K)(J −K + 1). From this
relation, we obtain the dierential rule of Wigner funtions as
∂+D
J
KM = ǫKD
J
K−1,M , ∂−D
J
KM = −ǫK+1DJK+1,M , ∂3DJKM = −iKDJKM , (17)
where we have dened ∂± ≡ ei±∂i and ∂3 ≡ ei3∂i.
3
The spaetime (1) also has a time translation symmetry generated by ∂/∂t. Beause of this
symmetry, we an separate the time dependene of elds as ∝ e−iωt. However, this is obvious and
we will not pay muh attention to this symmetry hereafter.
3
3 A way to nd master variables
For the stability analysis of the Myers-Perry blak hole (1), it is neessary to nd
master equations for metri perturbations. Beause Myers-Perry spaetime (1) has
the U(2) symmetry, a group theoretial method with a twist an be used [33, 37℄.
In this setion, we explain a way to nd master variables. One the master variables
are found, we an dedue the master equations from the gravitational perturbation
equations
δGµν =
1
2
[∇ρ∇µhνρ +∇ρ∇νhµρ −∇2hµν −∇µ∇νh
− gµν(∇ρ∇σhρσ −∇2h− Rρσhρσ)− Rhµν
]
= 0 , (18)
where ∇µ denotes the ovariant derivative with respet to gµν , and we have dened
gµν → gµν + hµν and h = gµνhµν .
Now, we onsider the mode expansion of hµν . The metri perturbation an be
lassied into three parts, hAB, hAi and hij where A,B = t, r and i, j = θ, φ, ψ. They
behave as a salar, vetor and tensor for oordinate transformations of θ, φ and ψ,
respetively. The salar hAB an be expanded by Wigner funtions immediately as
hAB =
∑
K
hKAB(x
A)DK(x
i) . (19)
Here, we have omitted the indies J and M beause the dierential rule of Wigner
funtion (17) annot shift J and M and therefore the modes with dierent eigen-
values J and M are trivially deoupled in the perturbation equations.
To expand the vetor part hAi, we need an elaborate method. First, we hange
the basis {∂i} to {ea}, that is, hAi = hAaσai where a = ±, 3. Then, beause hAa is
salar, we an expand it, using Wigner funtions as
hAi(x
µ) = hA+(x
µ)σ+i + hA−(x
µ)σ−i + hA3(x
µ)σ3i
=
∑
K
[
hKA+(x
A)σ+i DK−1 + h
K
A−(x
A)σ−i DK+1 + h
K
A3(x
A)σ3iDK
]
. (20)
In the expansion of hA+, hA− and hA3, we shift the index K of Wigner funtions, for
example, hA+ is expanded as
∑
K h
K
A+DK−1. The reason is as follows. The invariant
forms σ± and σ3 have the U(1) harge ±1 and 0, respetively (see Eq. (13)), while
Wigner funtion DK has the U(1) harge K (see Eq. (14)). Therefore, by shifting
the index K, we an assign the same U(1) harge K to σ+i DK−1, σ
−
i DK+1 and σ
3
iDK
in Eq. (20).
The expansion of tensor part hij an be arried out in a similar way as
hij(x
µ) =
∑
K
[
hK++σ
+
i σ
+
j DK−2 + 2h
K
+−σ
+
i σ
−
j DK + 2h
K
+3σ
+
i σ
3
jDK−1
+hK−−σ
−
i σ
−
j DK+2 + 2h
K
−3σ
−
i σ
3
jDK+1 + h
K
33σ
3
i σ
3
jDK
]
. (21)
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To assign the same U(1) harge K to eah term, we shift the index K of Wigner
funtions.
Substituting Eqs. (19), (20) and (21) into the perturbation equations (18), we
obtain the equations for eah mode labelled by J , M and K. Beause of U(2)
symmetry, dierent eigenmodes annot appear in the same equation.
It is interesting that we an nd master variables from the above information.
First, we should note that oeients of the expansion have dierent indies K and,
therefore, oeients of omponents hKAB, h
K
Aa and h
K
ab are restrited as follows:
h++ hA+, h+3 hAB, hA3, h+−, h33 hA−, h−3 h−−
|K − 2| ≤ J |K − 1| ≤ J |K| ≤ J |K + 1| ≤ J |K + 2| ≤ J
For example, for the J = 0 mode, we an lassify the metri perturbation as follows:
h++ hA+, h+3 hAB, hA3, h+−, h33 hA−, h−3 h−−
K = 2
K = 1
K = 0
K = −1
K = −2
In the above table, variables in eah row an ouple with eah other. Apparently,
h±± are deoupled, hene, it is straightforward to obtain the master equation for
these variables. Other variables, (hA+, h+3), (hAB, hA3, h+−, h33) and (hA−, h−3), are
oupled in eah set. However, after xing the gauge degrees of freedom, we have
the master equation for eah set. In total, there are ve master equations, whih
mathes the physial degrees of freedom of the tensor perturbations at this level.
We an ontinue this analysis. For J = 1/2 modes, we have the following table:
h++ hA+, h+3 hAB, hA3, h+−, h33 hA−, h−3 h−−
K = 5/2
K = 3/2 K = 3/2
K = 1/2 K = 1/2
K = −1/2 K = −1/2
K = −3/2 K = −3/2
K = −5/2
From the above analysis, we see that (J,M,K = ±(J + 2)) modes are always
deoupled. Eah mode an be redued to the single master equation. Thus, we
have shown that we obtain an innite number of master equations for the metri
perturbations, although they are not everything.
Beause of the relations h∗−− = h++, h
∗
A− = hA+ and h
∗
−3 = h+3, we see that
(J,M,−K) modes are omplex onjugate of (J,M,K) modes. Therefore, we will
assume K ≥ 0 in the following setions.
5
4 Stability analysis for (J = 0,M = 0, K = 0) mode
In the previous setion, we showed how to nd master variables. In this setion, we
will derive the master equation for the J = M = K = 0 mode and show the stability
for this mode. The stability for this mode has previously been shown in Ref. [36℄.
However, we will show the stability again using our formalism.
For the (J = 0,M = 0, K = 0) mode, we must onsider metri omponents
htt, htr, hrr, ht3, hr3, h+− and h33. We set hµν as
hµνdx
µdxν = Re
{
e−iωt
[
htt(r)dt
2 + 2htr(r)dtdr + hrr(r)dr
2 + 2ht3(r)dtσ
3
+ 2hr3(r)drσ
3 + 2h+−(r)σ
+σ− + h33(r)σ
3σ3
]}
, (22)
where Re represents the real part of a omplex quantity. With the gauge parameters
ξA(x
µ) = Re{ξA(r)e−iωt} , ξi(xµ) = Re{ξ3(r)e−iωtσ3i } , (23)
the gauge transformations for those omponents are given by
δhtt = −2iωξt − 4µG(r)
r3
ξr ,
δhtr = ξ
′
t −
4µ
r3G(r)
ξt − iωξr + 8µa
r5G(r)
ξ3 ,
δht3 = −2µaG(r)
r3
ξr − iωξ3 ,
δhrr = 2ξ
′
r +
4µ(r2 − 2a2)
r5G(r)
ξr ,
δhr3 = − 4µa
r3G(r)
ξt + ξ
′
3 −
2(r4 − 2µr2 − 2µa2)
r5G(r)
ξ3 ,
δh+− = rG(r)ξr ,
δh33 =
(r4 − 2µa2)G(r)
2r3
ξr , (24)
where
′ ≡ ∂r and δ represents the gauge transformation dened by δhµν = ∇µξν +
∇νξµ. The following gauge onditions x the gauge degrees of freedom ompletely:
htt = 0 , ht3 = 0 , h33 = 0 . (25)
Substituting Eqs. (22) and (25) into Eq. (18), we obtain a set of ordinary dier-
ential equations. These equations an be found in Appendix A. Eliminating htr, hrr
and hr3 from these equations, we obtain the Shrödinger-type master equation,
− d
2Φ0
dr2∗
+ V0(r)Φ0 = ω
2Φ0 , (26)
6
where we dene the new variable
Φ0 ≡ (r
4 − 2µa2)(r4 + 2µa2)1/4
r3/2(3r4 + 2µa2)
h+− , (27)
and the tortoise oordinate
dr∗ =
(r4 + 2µa2)1/2
G(r)r2
dr . (28)
The potential V0 is given by
V0(r) =
G(r)
4(3r4 + 2µa2)2(r4 + 2µa2)3r2
[
315r20 + 162µr18 + 2430µa2r16
+ 1392µ2a2r14 + 5400µ2a4r12 + 5808µ3a4r10 + 2608µ3a6r8
+ 6080µ4a6r6 − 2064µ4a8r4 + 32µ5a8r2 − 160µ5a10] . (29)
To prove the stability, we must show the positivity of V0. The typial proles
of V0 shown in Fig. 1 indiate that the potential is always positive. In fat, the
positivity an be proved from the expression (29). To see the positivity of V0(r), we
fous on r6, r4 and r0 terms in the big braket in Eq. (29). After dividing them by
16µ4a6, we ollet them as
f(r) = 380r6 − 129a2r4 − 10µa4 . (30)
If f(r) is positive, V0(r) is also positive. From Eq. (6), we see µ ≤ r2+ and a2 ≤ r2+/2.
Therefore,
f(r) ≥ 380r6 − 129
2
r2+r
4 − 5
2
r6+ = 313r
6 +
129
2
r4(r2 − r2+) +
5
2
(r6 − r6+) > 0 . (31)
This proves the stability for the J = M = K = 0 mode.
5 Stability analysis for K 6= 0 modes
5.1 Master equation for (J = 0,M = 0, K = 1) mode
As we have shown in 3, for the (J = 0,M = 0, K = 1) mode, we have to onsider
omponents ht+, hr+ and h+3, namely,
hµνdx
µdxν = Re
{
2ht+(t, r)dt σ
+ + 2hr+(t, r)dr σ
+ + 2h+3(t, r)σ
+σ3
}
. (32)
With the gauge parameter ξi(x
µ) = Re{ξ+(t, r)σ+i }, the gauge transformations for
these omponents are given by
δht+ = ξ˙+ +
4iµa
r4
ξ+ , δhr+ = ξ
′
+ −
2
r
ξ+ , δh+3 =
2iµa2
r4
ξ+ , (33)
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Figure 1: Typial proles for the potential V0 are depited. From top to bottom,
eah urve represents the potential for ΩH/Ω
max
H = 0.1, 0.7, 0.9 and 0.99. We see the
positivity of these potentials.
where
· ≡ ∂/∂t and ′ ≡ ∂/∂r. To derive the master equation, it is onvenient to use
the ation instead of equations of motion (18). The ation for metri perturbation
in a vauum is given by
S =
1
4
∫
d5x
√−g [−∇µhνρ∇µhνρ +∇µh∇µh
+ 2∇µhνρ∇νhρµ − 2∇µhµν∇νh] , (34)
where we use the unit 16πG5 = 1; here G5 is the ve-dimensional Newton's onstant.
Now, we dene gauge invariant variables,
ft ≡ ht+
r2
+
ir2
2µa2
h˙+3 − 2
ar2
h+3 , fr ≡ hr+
r2
+
i
2µa2
(r2h+3)
′ . (35)
In term of these variables, the ation (34) beomes
S =
1
4
∫
dtdr
[
r(r4 + 2µa2)
4
|f˙r − f ′t |2 +
4µ2a4
r5G(r)
|ft|2
+
4µ2a2(r2 − a2)
r5
|fr|2 + 2µa Im
{
r(f˙r − f ′t)f ∗r − 4ftf ∗r
}]
. (36)
In the above ation, there are two elds ft and fr. However, ft is not the physial
degree of freedom. Therefore, we an eliminate it from the ation and get the master
equation. In Appendix B, we show the details. As a result, in terms of the new
variable
Φ1 =
r3/2(r4 + 2µa2)1/4
(r10 + 2µa2r6 + µ2a6)1/2
[
r(r4 + 2µa2)
4
(f˙r − f ′t) + iµarfr
]
, (37)
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the master equation an be obtained as
− d
2Φ1
dr2∗
+ V1(r)Φ1 = [ω − 2Ω1(r)]2Φ1 , (38)
where
Ω1(r) =
2µa
r4 + 2µa2
(
1− a
2r4(5r4 + 6µa2)G(r)
4(r10 + 2µa2r6 + µ2a6)
)
, (39)
and
V1(r) =
G(r)
4r2(r4 + 2µa2)3(r10 + 2µa2r6 + µ2a6)2
[
35r32 + 18µr30 + 310µa2r28
+ 160µ2a2r26 + 1192µ2a4r24 + 2µ2a4(152µ− 75a2)r22 + 3068µ3a6r20
− 64µ3a6(2µ+ 15a2)r18 + 5208µ4a8r16 − 16µ4a8(30µ+ 133a2)r14
+ 3µ4a10(1424µ+ 5a2)r12 − 1654µ5a12r10 + 2µ5a12(432µ+ 25a2)r8
− 168µ6a14r6 + 68µ6a16r4 − 24µ7a16r2 + 56µ7a18] . (40)
We used the tortoise oordinate dened in Eq. (28). In Eq. (38), we separated the
t dependene of Φ1 by the Fourier transformation Φ1(t, r) = e
−iωtΦ1(r).
The asymptoti forms of Ω1(r) and V1(r) are
Ω1(r)→ 0 (r →∞) , Ω1(r)→ ΩH , (r → r+) (41)
and
V1(r)→ 0 , (r → r+,∞) (42)
where ΩH is the angular veloity of the horizon dened in Eq. (7). Therefore, the
asymptoti form of the solution of master equation (38) beomes
Φ1 → e±iωr∗ , (r →∞) , Φ1 → e±i(ω−2ΩH )r∗ . (r → r+) (43)
Before disussing the stability for this mode, we shall derive the master equation
for (J,M,K = J + 2) modes. The stability analyses of both ases will be disussed
simultaneously.
5.2 Master equations for (J,M,K = J + 2) modes
To obtain the master equations for (J,M,K = J + 2) modes, we set hµν as
hµν(x
µ)dxµdxν = Re
[
h++(t, r)DJ(x
i)σ+σ+
]
, (44)
where DJ ≡ DJK=J,M . This h++ eld is gauge invariant. Substituting Eq. (44) into
Eq. (34) and using the dierential rule of Wigner funtions (17), we obtain the ation
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for the K = J + 2 mode,
S =
1
4
∫
dtdr
[
r4 + 2µa2
4r5G(r)
|h˙++|2 − G(r)
4r
|h′++|2 −
i(J + 2)µa
r5G(r)
(h˙++h
∗
++ − h˙∗++h++)
+
1
r11G(r)
{− (J + 1)(J + 2)r8 + 2µ(J2 + 3J + 1)r6
+ 2µ(2µ+ (J + 4)a2)r4 − 12µ2a2r2 + 8µ2a4}|h++|2
]
, (45)
where the asterisk denotes the omplex onjugate. We an derive the equations
of motion for (J,M,K = J + 2) modes from the above ation. Dening the new
variable
ΦJ+2 =
(r4 + 2µa2)1/4
r3/2
h++ , (46)
we obtain the master equation,
− d
2ΦJ+2
dr2∗
+ VJ+2(r)ΦJ+2 = [ω − 2(J + 2)ΩJ+2(r)]2ΦJ+2 , (47)
where
ΩJ+2(r) =
2µa
r4 + 2µa2
, (48)
and
VJ+2(r) =
G(r)
4r2(r4 + 2µa2)3
[(4J +7)(4J +5)r12+18µr10+2µa2(16J2+32J +5)r8
− 40µ2a2r6 − 4µ2a4(16J + 35)r4 + 8µ3a4r2 − 40µ3a6] . (49)
We separated the t dependene of ΦJ+2 by the Fourier transformation ΦJ+2(t, r) =
e−iωtΦJ+2(r).
Sine the asymptoti forms of ΩJ+2(r) and VJ+2(r) beome
ΩJ+2(r)→ 0 (r →∞) , ΩJ+2(r)→ ΩH , (r → r+) (50)
and
VJ+2(r)→ 0 , (r → r+,∞) (51)
we get the asymptoti form of solution of master equation (47) as
ΦJ+2 → e±iωr∗ , (r →∞) , ΦJ+2 → e±i{ω−2(J+2)ΩH}r∗ . (r → r+) (52)
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5.3 Method to study the stability of K 6= 0 modes
Sine the master equations for K 6= 0 modes are not of the Shrödinger type, we
annot show the stability for these modes from the positivity of the potential as was
done in the ase of the J = M = K = 0 mode. Here, we will follow the method
used to show the stability of Kerr blak holes [32, 38℄.
To disuss the master equations for (J = 0,M = 0, K = 1) and (J,M,K = J+2)
simultaneously, we write the master equations as
− d
2ΦK
dr2∗
+ VK(r)ΦK = [ω − 2KΩK(r)]2ΦK . (53)
For K = 1 and K = J + 2, the above master equations redue to Eq. (38) and
Eq. (47), respetively.
Now, we will examine if there exists a quasi-normal mode with Imω > 0 in
the system. Beause of the time dependene hµν ∝ e−iωt, the existene of suh a
mode implies instability of the system. Reall that the boundary onditions for
quasi-normal modes are given by
ΦK → e−i(ω−2KΩH )r∗ , (r → r+)
ΦK → Zouteiωr∗ . (r →∞) (54)
Namely, the wave funtion must be ingoing at the horizon and outgoing at innity.
To study the stability using the master equation (53), we start with the assump-
tion that Myers-Perry blak holes are stable for suiently small angular veloity
ΩH . This is a natural assumption beause the higher dimensional Shwarzshild
blak hole is stable [13℄. In fat, in the limit of a → 0, the master equation (53)
takes the Shrödinger form and the positivity of the potential is easily seen. Under
this assumption, for small ΩH , the imaginary part of the quasi-normal frequeny
must be negative, Imω < 0. Now, if there exists instability, a quasi-normal mode
with Imω > 0 will appear at some point as we inrease ΩH . This means that one
of quasi-normal modes must ross the real axis in the omplex ω plane for some
ΩH . Therefore, if the blak hole is unstable for large ΩH , there must be a ritial
value ΩH = Ω
rit
H for whih there exists a mode with Imω = 0 under the boundary
ondition (54). We look for suh ΩritH .
For the numerial analysis, it is onvenient to dene quasi-normal modes as
follows. Given the ingoing wave at the horizon,
ΦK → e−i(ω−2KΩH )r∗ , (r → r+) (55)
we generally obtain the wave funtion at innity as
ΦK → Zouteiωr∗ + Zine−iωr∗ , (r →∞) (56)
where Z
out
and Z
in
are onstants. Hene, quasi-normal modes are dened by the
ondition Z
in
= 0.
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For the purpose of searhing for ΩritH , we take ω to be real. In this ase, the
Wronskian of ΦK is onserved, that is,
Im
[
Φ∗K
d
dr∗
ΦK
]r=r2
r=r1
= 0 , (57)
for any r1 and r2. We take r1 = r+ and r2 = ∞. Then, from Eq. (57), we obtain
the relation,
2KΩH − ω = ω|Zout|2 , (58)
where we used the boundary ondition (54). Sine the master equation (53) is
invariant under ω → −ω and a → −a, we take ω ≥ 0. Then, from Eq. (58), we
obtain the inequality
0 ≤ ω ≤ 2KΩH . (59)
We should reall that ΩH must also satisfy Eq. (9). We will searh for Ω
rit
H in this
region.
5.4 WKB analysis
Before the numerial analysis, we study the master equation (53) using the WKB
approximation. Let us dene
V˜K(r) = VK(r)− (ω − 2KΩK(r))2 . (60)
If V˜K < 0 everywhere, one of the WKB solutions of the master equation (53) is
ΦK ∼ exp
(
i
∫
dr∗
√
−V˜K
)
. (61)
The asymptoti form of this solution beomes
ΦK → e−i(ω−2KΩH )r∗ , (r → r+)
ΦK → eiωr∗ , (r →∞) (62)
where we use Eq. (59). Equation (62) nothing but the boundary ondition (54). On
the other hand, if there is a region satisfying V˜K > 0, the WKB analysis leads to
|Z
out
/Z
in
| ∼ 1. Thus, the ondition
V˜ (r) . 0 for all r (63)
an be onsidered as a rough riterion for the existene of instability. Let us look at
the potentials V˜1 and V˜2 shown in Fig. 2. The potential V˜2 tends to be negative for
large ΩH and ω. For K > 2, we nd a similar behavior to that of V˜2. In the ase of
V˜1, however, a positive region remains even for suiently large ω and ΩH . From
the results of these WKB analyses, we an speulate that the (J = 0,M = 0, K = 1)
mode is stable and the (J,M,K = J+2) modes might be unstable for large ΩH and
ω. With this intuition, we shall perform numerial alulations.
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Figure 2: V˜1 and V˜2 for ΩH/Ω
max
H = 0.99. We see that V˜2 tends to be negative for
large ω. However, for V˜1, a positive region remains even for suiently large ω.
5.5 Numerial analysis
Now, we must solve Eq. (53) numerially. We integrate this master equation from
r1 = (1.0 + 10
−6)r+ to r2 = 100.0r+ with the initial ondition ΦK = exp(−iωr∗)
at r = r1. This is nothing but the ingoing boundary ondition at the horizon. At
r = r2, we heked the ratio of the amplitudes of ingoing and outgoing modes:
Z(ω,ΩH) = |Zout|2/|Zin|2 . (64)
We alulated this ratio for eah ω and ΩH in domains (9) and (59). If Zin = 0 at
r = r2 for some ω and ΩH , the funtion Z(ω,ΩH) would diverge. This would be a
signal of instability. We plot
Z
max
(ΩH) = max
xed ΩH
Z(ω,ΩH) (65)
in Fig. 3. For (J = 0,M = 0, K = 1), we see Z
max
≃ 1. It is expeted from the
WKB analysis in the 5.4. For (J,M,K = J + 2), the gure shows that Z
max
takes
a maximal value at ΩH = Ω
max
H . This behavior is also expeted from the results of
the WKB analysis in the previous subsetion. Taking a look at Fig. 3, at least for
ΩH < Ω
max
H , Zmax(ΩH) is nite.
4
Therefore, we onlude that Myers-Perry blak
holes are stable when ΩH < Ω
max
H .
6 Conlusions
We have studied the stability of ve-dimensional Myers-Perry blak holes with equal
angular momenta. Utilizing the symmetry of these solutions, SU(2)×U(1) ≃ U(2),
4
Note that, in the maximally rotating ase, the outer and inner horizons are degenerate and
the spaetime struture hanges from that in the ΩH < Ω
max
H
ase. Therefore, we must analyze
the ase of ΩH = Ω
max
H
separately.
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Figure 3: Funtion Z
max
(ΩH) for (J = 0,M = 0, K = 1)mode and (J,M,K = J+2)
modes. We see that Z
max
is nite for ΩH < Ω
max
H .
we have identied the master variables with whih the perturbed equations an be
redued to master equations. By analyzing the master equations, we have shown the
stability of Myers-Perry blak holes with equal angular momenta. Stritly speaking,
we have not shown the stability of Myers-Perry blak holes ompletely, beause we
analyzed restrited modes. Empirially, however, the instability appears in the lower
eigenvalue modes. For example, the Gregory-Laamme instability appears in the
s-wave. Therefore, our results for (J = 0,M = 0, K = 0,±1,±2) modes give strong
evidene for the stability of Myers-Perry blak holes.
In this paper, we onsidered the Myers-Perry blak holes with equal angular
momenta. There are several qualitative arguments for the stability of general Myers-
Perry blak holes. In the ase of D ≥ 6, the argument goes as follows. The Myers-
Perry blak hole with one rotating axis redues to a blak brane solution in the
limit of large angular momentum. Sine Gregory-Laamme instability ours in the
blak brane system [39℄, we an speulate that the Myers-Perry blak hole with one
large angular momentum is unstable in the (D ≥ 6)-dimension [40℄. In the ase
of D = 5, we annot use the above argument. Instead, we an use the fat that
the blak ring solution is thermodynamially more preferable than the Myers-Perry
blak hole with one large angular momentum in order to infer the instability of
the ve-dimensional Myers-Perry blak hole with one large angular momentum [4℄.
Although these arguments seem to be reasonable, the diret dynamial analysis must
be performed to ahieve the nal onlusion.
The Myers-Perry blak holes an be generalized to those with the osmologial
onstant, the so-alled Kerr-AdS spaetimes [4143℄. Our method is also appliable
to ve-dimensional Kerr-AdS blak holes with equal angular momenta. It is interest-
ing to investigate suh a ase from the point of view of the AdS/CFT orrespondene.
From the thermodynamis of CFT4, whih is a dual theory of ve-dimensional Kerr-
AdS spaetime, instability an be expeted for Kerr-AdS spaetime [43,44℄. On the
gravity side, there are several works on the stability of Kerr-AdS spaetime. In
14
the ase of 4-dimensional Kerr-AdS spaetime, the superradiant instability has been
found [45,46℄. In odd dimensions higher than ve, the same instability of Kerr-AdS
blak holes with equal angular momenta has been shown to exist [32℄. In the ase of
a D ≥ 7-dimensional Kerr-AdS blak hole with one rotating axis, it has been shown
that the superradiant instability appears in the tensor-type perturbation [47℄. How-
ever, there is no work on the stability analysis of ve-dimensional Kerr-AdS blak
holes (exept for a massless ase [48℄). It is of interest to study the stability of
ve-dimensional Kerr-AdS blak holes using our formalism.
Aknowledgements
This work is supported in part by JSPS Grants-in-Aid for Sienti Researh, No.
193715 (K. M.) and 18540262 (J. S.) and also by the 21COE program Center for
Diversity and Universality in Physis, Kyoto University. J. S. thanks the KITPC
for their hospitality during the period when a part of the work was arried out.
15
A Gravitational perturbation equations for J = M =
K = 0 mode
In the following, we list the omponents of the Einstein tensor for the (J = 0,M =
0, K = 0) mode.
δGtt =− 4iωµ
2a2
r6
h′tr −
8iωµ2a2(r2 − µ)
r9G(r)
htr
+
G(r)(3r6 − 12µr4 + 2µ(6µ+ a2)r2 − 8µ2a2)
2r7
h′rr
+
1
r12
[
3r10 − 6r8µ+ 2µ(−6µ+ µa2ω2 − 4a2)r6
+ 8µ2(3µ+ 7a2)r4 − 4a2µ2(22µ+ 3a2)r2 + 56a4µ3)]hrr
− 4iωµa(r
2 − 2µ)
r6
h′r3 −
4iωµa(r4 − 4µr2 + 2µ(2µ− a2))
r9G(r)
hr3
− 2G(r)(r
2 − 2µ)
r4
h′′+− −
4µ(r4 − 2(µ+ 2a2)r2 + 6µa2)
r9
h′+−
+
8µa2((µω2 − 2)r6 + 2µr4 + 4µ(µ− a2)r2 − 4a2µ2)
r14G(r)
h+− , (66)
δGtr =− iω(3r
4 − 6µr2 + 2µa2)
2r5
hrr − 2ω
2µa
r4G(r)
hr3
+
2iω
r2
h′+− −
2iω(r4 + 2µa2)
r7G(r)
h+− , (67)
δGt3 =
−iωµa(r4 + 2µa2)
r6
h′tr −
2iωµa(r4 + 2µa2)(r2 − µ)
r9G(r)
htr
− µaG(r)(2r
4 − 3µr2 + 2µa2)
r7
h′rr +
µa
2r12
[
(ω2r10 − 2r8
+ 2µ(a2ω2 − 6)r6 + 8µ(3µ+ 5a2)r4 − 88µ2a2r2 + 56µ2a4)]hrr
− iω(r
6 − 2µr4 + 2µa2r2 − 8µ2a2)
2r6
h′r3 +
iω
2G(r)r9
[−3r8 + 12µr6
− 4µ(3µ+ a2)r4 + 24µ2a2r2 − 16µ3a2 + 4µ2a4]hr3
+
2µaG(r)
r4
h′′+− +
2µa(r4 + 2µr2 − 6µa2)
r9
h′+−
+
2µa
r14G(r)
[ω2r10 − 6r8 + 2µ(a2ω2 + 6)r6
− 16µa2r4 + 8µ2a2r2 − 8µ2a4]h+− , (68)
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δGrr =− iω(3r
4 + 2µa2)
r5G(r)
htr − (3r
4 − 2µa2)
r6
hrr +
4iωµa
r5G(r)
hr3
+
4(r2 − µ)
r5G(r)
h′+− +
2
r12G(r)2
[
ω2r10 − 2r8 + 2µ(a2ω2 + 4)r6
− 8µ(µ+ a2)r4 + 16µ2a2r2 − 8µ2a4]h+− , (69)
δGr3 =
iωµa
r3
hrr − ω
2(r4 + 2µa2)
2r4G(r)
hr3 − 4iωµa
r5G(r)
h+− , (70)
δG+− =− iω(r
4 + 2µa2)
2r2
h′tr −
iω(r4 − µr2 + 2µa2)(r4 − 2µa2)
r7G(r)
htr
− G(r)(r
2 − µ)
2r
h′rr +
1
4r8
[ω2r10 − 2r8 + 2µ(a2ω2 − 2)r6
+ 8µ(µ+ a2)r4 − 8µ2a2r2 − 8µ2a4]hrr
+
2iωµa
r2
h′r3 +
4iωµ2a(r2 − 2a2)
r7G(r)
hr3 +
1
2
G(r)h′′+−
− (r
4 − 6µr2 + 10µa2)
2r5
h′+− +
1
2r10G(r)
[ω2r10 + 4r8
+ 2µ(a2ω2 − 8)r6 + 16µ(µ+ 2a2)r4 − 64µ2a2r2 + 48µ2a4]h+− , (71)
δG33 =− iω(r
4 + 2µa2)2
4r6
h′tr −
iω(r2 − µ)(r4 + 2µa2)2
2r9G(r)
htr
− G(r)(r
8 − µr6 + 4µa2r4 − 6µ2a2r2 + 4µ2a4)
4r7
h′rr
+
1
8r12
[
ω2r14 − 2r12 + 4µ(a2ω2 − 1)r10
+ 4µ(2µ+ 5a2)r8 + 4µ2a2(a2ω2 − 16)r6
+ 8µ2a2(6µ+ 13a2)r4 − 176µ3a4r2 + 112µ3a6]hrr
+
iωµa(r4 + 2µa2)
r6
h′r3 +
2iωµa(2r6 − 3µr4 + 4µa2r2 − 2µ2a2)
r9G(r)
hr3
+
G(r)(r4 + 2µa2)
2r4
h′′+− −
r8 − 6µr6 + 8µa2r4 − 4µ2a2r2 + 12µ2a4
2r9
h′+−
+
1
2r14G(r)
[
ω2r14 − 2r12 + 4µ(a2ω2 − 1)r10 + 4µ(4µ− 3a2)r8
+ 4ω2µ2a4r6 − 24µ2a4r4 + 16µ3a4r2 − 16µ3a6]h+− . (72)
From δGtr = δGrr = δGr3 = δG+− = 0, We an eliminate htr, hrr and hr3, and
obtain the master equation (26).
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B Derivation of master equation for (J = 0,M =
0, K = 1) mode
First, we should note there is a nondynamial variable ft in the ation (36). This
means there are onstraints. To treat the onstraints properly, it is onvenient
to adopt a Hamiltonian formalism [49℄. From the ation (36), one an read o a
Lagrangian as
L =eA|f˙r − f ′t |2 + eB|ft|2 + eC |fr|2
− ieD{(f˙r − f ′t)f ∗r − (f˙r − f ′t)∗fr}+ ieE(ftf ∗r − f ∗t fr) . (73)
Here, to simplify the alulation, we have introdued the notations
eA =
r(r4 + 2µa2)
4
, eB =
4µ2a4
r5G(r)
,
eC =
4µ2a2(r2 − a2)
r5
, eD = µar , eE = 4µa . (74)
The onjugate momenta of fr, f
∗
r are given by
πr =
∂L
∂f˙ ∗r
= eA(f˙r − f ′t) + ieDfr ,
π∗r =
∂L
∂f˙r
= eA(f˙r − f ′t)∗ − ieDf ∗r . (75)
The above momenta satisfy the following anonial ommutation relations,
{fr(t, r), π∗r(t, r′)} = {f ∗r (t, r), πr(t, r′)} = δ(r − r′) , (76)
where { , } represents a Poisson braket. Taking the variation of the Lagrangian
(73) with respet to f ∗t , we obtain the onstraint
ft = e
−B(−π′r + ieEfr) . (77)
The Legendre transformation gives the Hamiltonian
H0 =πrf˙ ∗r + π∗r f˙r − L
=e−Aπrπ
∗
r − eBftf ∗t − (eC − e2D−A)frf ∗r + πrf ′t∗ + π∗rf ′t
+ ieD−A(πrf
∗
r − π∗rfr)− ieE(ftf ∗r − f ∗t fr) . (78)
Using the onstraint equations, we obtain the physial Hamiltonian
H
phys
= e−Aπrπ
∗
r + e
−Bπ′rπ
′
r
∗ + (e2E−B − eC + e2D−A)frf ∗r
+ ieE−B(π′rf
∗
r − π′r∗fr) + ieD−A(πrf ∗r − π∗rfr) ,
(79)
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where total derivative terms are omitted. We obtain the following equation of motion
for the physial variable:
f˙r = e
−Aπr − (e−Bπ′r)′ + i(eE−Bfr)′ − ieD−Afr ,
π˙r = −(e2E−B − eC + e2D−A)fr − ieE−Bπ′r − ieD−Aπr . (80)
We obtain the master equation for the (J = 0,M = 0, K = 1) mode by eliminating
the variable fr from Eq. (80).
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